CHAPTER 13
Vectors and Curves in the Plane

A vector whose initial point is at the origin is said to be in
standard position. A variable which represents a
vector may be written V or v.

Definition of Component Form of a Vector in the Plane:
131p728 If V is a vector in the plane whose initial point
is the origin and whose terminal point is (v, V2), then
the component form of V is given by

V= <vl, v2>
The coordinates v; and v, are called the components of
V. If both the initial point and the terminal point lie at
the origin, then V is called the zero vector and is

denoted by

0=(0,0)

To convert Directed Line Segments to Component form

or vice versa, we use the following procedures. 131
p728

1. If P=py, p2) and Q = (q, G), then the component form
of the wvector V represented by PQ is

(viv,)=(a,- py.a,- p,)- Moreover,  the

magnitude or norm (length) of V is given by

[V = \/(Ua -p) (- p) = \/vlz +V,” length of a vector
The length of v is also called the norm of V. If ||\7|| =1,

then V is called a unit vector.

2. 1If \7=<vl, V2>, then V can be represented by the

directed line segment, in standard position, from
P =(0,0)t0Q =(,,v,).

Standard Unit Vectors: 13.1p733

i=(10)

i=(01)

We call V=V,i+V,] a linear combination of i and j.
The scalars v; and v, are called the horizontal and

vertical components of V, respectively. In other
words, the vector (2,3) expressed in component
form would be 2i + 3j.

Definition of Vector Addition and Scalar Multiplication:
131p730 For vectors 0 =<ul, u2> and v= <v1, v2> and

scalar k, we define the following operations.
1. The vector sum of U and V is the vector

U+\7=<ul+v1, LI2+V2>
2. The scalar multiple of k and U is the vector
ka = (ku,, ku,) -

3. The negative of v is the vector
- \7=(—1)\7=<— v, - v2>.
4. The difference of a and v is

0-V=0+(-V)=(U- v, - v,)

Properties of Vector Addition and Scalar Multiplication:
1z1prar Let U, V, and w be vectors in the plane, and
let c and d be scalars.

u+v=v+0O commutative property
(OG+V)+W=0+(V+W) associative property
a+0=0

a+(-u)=0

c(dt) = (cd)u

(c+d)u=ci+du
c(+V)=cu+cv
Wo)=aq, om)=0

distributive property

© N AN

distributive property

Length of a Scalar Multiple: 131p731 Let V be a vector
and ¢ be a scalar. Then

lcvll =|c| V|  where |c| is the absolute value of c.

Unit vector in the direction of V: 11732 If V is a
nonzero vector in the plane, then the vector

b=ty
(/.

has length | and the same direction as V.

Triangle Inequality: 13.1p733 If U and V are vectors in the
plane, then

la+v] £]al +|v].

Determining a Vector as a function of an angle: 13.1p73s If
V is a unit vector with angle g with respect to the

positive x-axis, then u =(cosq, sing) = cosqi + singj




Dot Product: 132p73s The dot product of U=<ul, u2>
and \7=<v1, v2> is Ux¥W=uv,+WV,. The dot

product is a product of vector values; the i and | are
dropped from the result.

Properties of the Dot Product: 1z2p73s If U, V, and w
are vectors in the plane and c is a scalar, then the
following properties are true.

1. U=V commutative property
2. UXV+W)=UxX/+Uxw distributive property
3. c(U>xV)=(ch)xw =uXcV)

4. 0w =0

5. v =|vf

Angle between two vectors: 132730 If ( is the angle
between two nonzero vectors Uand V, then

ua+v

v

cosq = and 0>V =|a]|v|cosq

Definition of Orthogonal Vectors: 132 pra0 The vectors
Uand Vare orthogonal if txv=0. We consider the
zero vector to be orthogonal to every vector U since
0x1=0.

Two nonzero vectors are parallel is they have the same
or opposite directions.

Projection and Vector Components: 132 pra2 Let U
and V be nonzero vectors with o = w, +w,, where W,

is parallel to V and W, is orthogonal to V.

vx)/l is the projection of U onto V or the vector

component of U along V, and is denoted by
W, = proj,u.

W, =U- W, and is called the vector component of U

orthogonal to V.

We can find the vector component W, once we have
found the projection of U onto V.

Finding Projection: 132p742

el
proj,u=¢ >V
elv|" e

Definition of Work; 132 pr4s The work W done by a
constant force F as its point of application moves
along the vector pQ is given by either of the

following:

V,, VV,
1) w = ”proj roF " ”PQ " Projection form

vV VV

2) W =F xPQ Dot product form

Vector-Valued Function: 13sp746 A function of the form:
r(t)=f(t)i+g(t)]

is called a vector-valued function, where the
component functions, f and g, are real-valued
functions of the parameter t.

The domain of the vector-valued function I is the
intersection of the domains of f and g,

The limit of the vector-valued function r is

im0 =[tim 10 +[timaco]

provided that f and g have limits ast ® a.

The vector-valued function T is continuous at the point
given by t=a if the limit existsas t ® a and

limr (t) =1 (a)

i+

A vector-valued function is continuous on an interval
if it is continuous at every point in the interval.

The vector-valued function  r(t) = f(t)i+g(t)j is
smooth on an open interval | if f and g are
continuous on | and r¢t): 0 for any value of tin the

interval 1.

The Derivative of a Vector-Valued Function: 1s.3p7s0
o r(t+Dt)-r(t
Fgt) = lim (100~ rt)
Dt® 0 Dt
for all t for which the limit exists.

Differentiation of Vector-Valued Functions: 133 prs0 If
F(t)= f(t)i+g(t)j where f and g are differentiable
functions of t, then r¢t) = f &t)i + g€t)j.

Properties of the derivative of Vector-Valued Functions:
13.3 p752

1) D,[cF(t)] =cFt)

2) D[r(t)+0(t)] = F&t) + agt)

3) D[fM)r(t)] = f(Orgt)+ f&)r(t)

4) D[F(t)>a(t)] = F(t)<at) + F &t) >a(t)

5) D[F(f(t)]=F&f(1)fEt)

6) If r(t)<(t)=c,then F(t)¥¢t)=0.




Inte\gration of a Vector-Valued Function: 133 prs3 |If
r¢)=f()i+gt)] where f and g ar% continuous on
[a, b], then the indefinite integral of r is

O (tydt = [(‘)f (t)dt]i +[c‘p(t)dt]j

and its definite integral over the interval aft £ b is

Qr (t)dt = ) f(t)dta g(t)dt

Velocity and Acceleration:
r(t) =x()i+y(t)j,
velocity = V(t) =Fd¢t) = X€t)i + y§t)j

acceleration = a(t) = r ¢t) = xat)i + yet)j = a T(t) +a,N(t)

speed = [u()] = F )] =y IX€OF + yQOF =

134 prs7 - For the function

Circular Function: 134p7ss The rectangular equation for a
circle is X2 + y* = r%. The vector-valued function for a
circular path of counterclockwise motion is:

CITPNC 1

c(t)=rcos————

where r =radius
t = time
[spd] = speed

When the motion is at a constant speed, the velocity
vector is tangent to the circle and the acceleration
vector is directed toward the center.

Gravitational Constant: 134p7e0 g = 32 ft./sec./sec.
g = 9.81 meters/sec./sec.

Position Function for a Projectile: 134p7e1 The path of
a projectile launched from an initial height h with
initial speed v, and angle of elevation q is described
by the vector function

7

F(t) = (v, cosq)t i +§h+(vosinq)t = gt? H

Unit Tangent Vector: 13sp764 Let C be a smooth curve
represented by I on an open interval I. If F¢t)t 0,

then the unit tangent vector T(t) at tis defined to be
ret)
It

Normal means perpendicular.

Principal Unit Normal Vector: 135 p76s Let C be a
smooth curve represented by I on an open interval I.
If T¢t): 0, then the principal unit normal vector at t

is defined to be

T(t)=

The normal vector N(t) can be difficult to calculate
but if T(t)=x(t)i+y(t)j, and there is zero
acceleration, then N(t) is either

y(t)i- x(t)]
or - y(t)i+x(t)]

[clockwise curve]
[counterclockwise curve]

The correct choice is the vector pointing to the inside
of the curve of r(t). In other words, N(t) is at a

right angle to T(t) which yields the two possibilities.

Tangential and Normal Components of Acceleration:
135p7e8 Let r(t) be the position vector for a smooth
curve C, and let the acceleration vector be
represented by

a(t)=a.T+a N =(@x)T +(@xN)N
2
We call a- =axt :gt—zs the tangential component

a@lSo

of acceleration, and we call ag =axN = K%

the normal component of acceleration.

Note that calculations for a. and ag involve points

rather than functions so that the i and j do not appear
in the result. Or at least | think that's what's going on.

Arc Length of a Plane Curve: 16pr72 If Cis a smooth
curve given by r(t) = x(t)i + y(t)j on an interval [a, b],
then the arc length of C on the interval is

5= Jr o)

Arc Length Function: 136p722 Let C be a smooth curve
given by r(t) defined on the closed interval [a, b].

For a £t £ b, the arc length function is given by

st) = Qr gt

t is the lowercase Greek letter tau.




Derivative of the Arc Length Function: 136p773 Let C be a

smooth curve given by r(t) defined on the closed

interval [a, b]. The derivative of the arc length
function s for this curve is given by

- d’s_  aslsy -
a(t):WT+K%aEI N

where K is the curvature of C and d</dt is the speed.

ds
< =lre

i i i Force: 1s.
In differential form, we can write ds= | ¢t)]dt . Force: 136p77s

_ aal 2SO also” -
F=ma=mg—5=T +mK¢—= N
médt%a &t o

m = mass
K = curvature

Arc Length Parameter: 1ssp774 If Cis a smooth curve
given by r(s)=x(s)i + y(s)j. where s is the arc length
parameter, then
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[res) =1

Moreove% if t is any parameter for the vector-valued

function r such that |r¢t)|=1, then t must be the arc

length parameter.

Curvature: 136 p774a Let C be a smooth curve given by
r(s), where s is the arc length parameter. The

curvature at sis given by

_19T) i gl <[
K=o I =Iras)

If C is a smooth curve given by r(t), then the
curvature of C at t is given by

T4t)
Ft)

If Cis a curve with curvature K at point P, a circle
passing through the point P with radius r = 1/K is
called the circle of curvature if the circle lies on the
concave side of the curve and shares a common
tangent line with the curve at the point P. We call r
the radius of curvature at P, and the center of the
circle is called the center of curvature.

In rectanqular coordinates, if C is the graph of a
twice differentiable function given by y = f(x), then
the curvature at the point (X, y) is given by

o 4

[1+(y 9**?

For a function given by x = x(t), y = y(t), then the
curvature at the point (x, y) is given by

‘ - x¢ @ yad
[(x 9 +(y §*1*?

Acceleration, Speed, and Curvature: 1s6pr7s If F(t) is

the position vector for a smooth curve C, then the
acceleration vector is given by




