PROOF OF A SOLUTION

An example of the steps involved in proving that there is a solution
to a statement and determining what that solution is.

Tom Penick tomzap@eden.com www.teicontrols.com/notes 2/20/98

Definition: A solution isafunction defined on A . that is differentiable for t >0 which satisfies the

problem statement.

Problem: Prove that thereisasolution x for |X¢{t) +ax(t) = f(t), t3 O| and determine the

solution.

Solution:

1.

2.

Assume that f is continuous.

Suppose that there exists asolution x. Then it
can be written in this way because €* can
never be zero and we haven't yet defined q(t).

Substitute q(t)e™ for x(t) in the problem
statement.

Then smplify:

And rewrite:

IntegratefromOto't.
Then smplify:

And rewrite, letting q(0) = c:

So if there is a solution x, we must have:

with:

Substituting q(t) as given in (eg. 4c) into the
equation (eg. 2) we have:

If thereis asolution X, then the solution is:;

Setting t =0 weseethat ¢ = x(0).

x(t) =q(t)e ™

qgt)e ™ +q(t)(- a)e ™ +aq(t)e ™ = f(t)
qkt)e ™ = f(t)
qt) = e™ f(t)

CRdt)dt = (€™ f(t)c
a(t) - 9(0) = Qe f (t)c
at) = Qe* f(t)dt +c

x(t) = q(t)e ™
at) = Qe* f(t)dt +c

N
x(t)=ce* +e® QeaI f(t)dt
4
x(t)=ce® + Qe e’ f(t)dt

X(t) = ce + Qe U f (t)c

x(0)=ce’ +0

(eq. 2)

(eg. 4a)
(eq. 4b)

(€q. 4c)

(eq. 2)

(€a. 4c)

(€q. 62)

(€q. 6b)



8. So, taking (eg. 6a):
And differentiating:

This smplifies to:

9. Sofromtheproblem  x{t) +ax(t) =
statement and o AR
(eg. 6b) and (eq. 8b) - ace -~ - a€ Q€
we have: - f(1)

10. This shows that given:

there is exactly one solution called x and x is
given by:

X(t) = ce'™ + e e f(t)ct (eq. 63)
x€t)=-ace® +e*e* f(t)- ag’™® (f)eat f(t)dt (€0 8a)
x§t)=-ace’® - ae’™ (f)eé‘I f(t)dt (eg. 8b)
K
f(t)dt + f(t) +ace™ +aQe " f(t)dt
x€t) +ax(t) = f(t), x(0)=c, t30
x(t)=ce® + Qe U (t)dt, t3 0]  (eq.6)
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